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a*—b¥=(a-Db)(@a-wh) (@a—w?b) ; X2+x+1=(X-0) (X—wd);
a+b®=(a+b)(a+wh)(a+w’h) ;
a3+ b¥+c3-3abc=(a+b+c)(a+ wb+ wk) (a+ w?b+ oc)
nth ROOTS OF UNITY :
If1,a,, a,, 05....0, , are the n, n root of unity then:
(i) lI'hey are’in G.P. with common ratio i) &
(i) P+ol+ad+...+ab_; =0 if p is not an integral multiple of n
= n if p is an integral multiple of n
@ (Q-oa)(@-a,)... —a, 4) =N &

[EY
©

—~
[EN

(1+o)(l+a)..... 1+ ocn__l) =0 if nis even and 1if nisodd.

(iv)  1l.04.0,.04. ... a,_, = lor —1according as n is odd or even.
1. THE SUM OF THE FOLLOWING SERIES SHOULD BE REMEMBERED :
_ sin(ng/2)  (n+1
0] cosO+cos26+cos30+....+cosnb= sin(e/z) CcoS (T]e
I _ . sin(nd/2)  (n+1
(i) SinB+sin20+sin30+.....+siNnn6 = sin(6/2) sin — 0.

Note : If 6 =(2n/n) then the sum of the above series vanishes.
12. STRAIGHT LINES & CIRCLES IN TERMS OF COMPLEX NUMBERS :

nz, + mz

(A)  If z, &z, are two complex numbers then the complex number z= —- - 2 divides the joins of z,

&z, intheratiom:n.
Note:(i) Ifa, b, c are three-real numbers such that az, +bz,+cz,=0 ;
where a+b+c¢=0 and a,b,c are not all simultaneously zero, then the complex numbers z;.z, & z,
are collinear.
(i) Ifthe vertices A, B, C ofa A represent the complexnos. z,, z,, z, respectively, then :
_ Z,+2,+1Z,
@ Centroid ofthe AABC = :

(b) Orthocentre ofthe AABC =
(asec A)z, +(bsecB)z, +(csecCz, or AN A+z,tanB+z,tanC
asecA+bsecB+csecC tanA+tanB+tanC
(©) Incentre ofthe AABC =(az, + bz, + ¢z,) ~(a+b+¢).
d) Circumcentre ofthe. AABC = :
(Z,sin2A + Z,sin 2B +Z;sin 2C) =+ (sin 2A + sin 2B +sin 2C) .
B)  amp(z) =0 is arayemanating from the origin inclined at an angle 0 to the x—axis.

(

© |z—a| = [z=b[ is the perpendicular bisector of the line joining a to b.
(D)  Theequation ofa line joining z, & z, isgiven by,
(
(

z=2,+1t(z,—12,) where t is a perameter.
E) z=z, (1+it)where t isareal parameter is a line through the point z, & perpendicular to 0z,.
F) The equation of a line passing through z, & z, can be expressed in the determinant form as

z 7z 1
z, 7, 1| =0.Thisisalso the condition for three complex numbers to be collinear.
z, 7z, 1

2 2

(G) Complex equation of a straight line through two given points z, & z, can be written as
Z(Z1 —72)—7(21 —22)+(2172 —2122): 0, which on manipulating takes the formas acz+aZ+r=0
where ris real and o is a non zero complex constant.

(H)  The equation of circle having centre z, & radius p is:
\z—zo\ =p Orzz-z,7 —7,z+ zozo—pZ:O which is of the form
zZ+az+az+r =0, risreal centre —a & radius /oo —r .
Circlewillberealif ac—r>0.

M The equation of the circle described on the line segment joining z, & z, as diameter is :
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72—17

(i) argz_zi = ig or z-2)(z-2,)+@-2)(z-12,)=0

@) Condition for four given points z,,z,,z, &z, to be concyclic is, the number
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2.-2, 2,7, . _ _ . .
3 1 —4 2 jsreal. Hence the equation of a circle through 3non collinear points z,, z, & z, can be
-7, 2,1
2 4 1

(2-2,)(z,-2) (2-2,)z,-2,) (z-7,)(z,-7)
taken as is real = =T o
(Z_Zl)(z3_22) (Z_Zl)(za_zz) (Z_Zl)(z3_zz)
Reflection points for a straight line:
Two given points P & Q are the reflection points for a given straight line if the given line is the right

bisector of the segment PQ. Note that the two points denoted by the complex numbers z, & z, will be &
the reflection points for the straight line oz + o,z +r = 0 ifand only if; @z, +0Z,+r=0,wherer IS s
real and a is non zero complex constant.

(b) Inverse points w.r.t. acircle :

Two points P & Q are said to be inverse w.r.t. a circle with centre 'O"and radius p, if :

(i) the point O, P, Q are collinear and on the same side of 0. (ii) OP. 0Q = p2.

Note that the two points z, & z, will be the inverse points w.r.t. the circle

zz+oz+oz+r=0 ifandonlyif z,Z,+az,+oz,+r=0.

PTOLEMY’S THEOREM : It states that the product of the lengths of the diagonals of a
convex quadrilateral inscribed in a circle is equal to the sum of the Wengrhs of the two pajrs of
its opposite sides. e, |z —zj z,-7 T: 12,-2,| |2,-2,| + |2,-2, zz—zJ.
LOGARITHM OF A COMPLEX QUANTITY :

1
Log, (o +iP)= > Log, (o + B2) + i[Znn+tan‘1Ej where n e .
o

Z3

= [
N w
&
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= B
= O

| 2nn+Z
i" represents a set of positive real numbers-given by e ( Zj, nel.
VERY ELEMENTARY EXERCISE

—
=71

Q.1  Simplify and expressthe result in the form of a+ bi
N2 3 .\2 ' ! 2 2
1% 2i : : =— 4i% < 342 3-2i 2+i) (2-i)
a b)-i(9+6i)y(2-i)?t (c) | ——| (d e -
()[2+ij ®) -1 y@-)=(© 2i+1 ()2—5i+2+5i €) 21 2+i

Giventhat x,yeR,solve: (@) (x+2y)+i(2x=3y)=5-4i (b) (x+iy) +(7=5i)=9+4i
(c) ¥—y2—i(2x+y)=2i (d) (2+3i)x2—(3-2i) y=2x—3y +5i
(e) 4x2+ 3xy + (2xy — 3x?)i = 4y2= (X?/2) + (3xy — 2y?)i

Q.3  Find the square root of : ga) 9 +40i (b)-11-601 (c)501
Q4 (a) If f(X)=x*+9x3+ 35x> —x+4, findf(~-5+4i)
(b) If g(X)=x*=x3+x2+3x-5, find g(2 +3i)
Q.5  Among the complex numbers z satisfying the condition ‘z +3-4/3 i‘ — /3, find the number having the
least positive argument.
Q.6 Solve the following equations over C and express the result inthe forma+ib, a, be R.
(@) ix2-3x-2i=0 () 2(1+i)x2-4(2-i)x-5-3i=0
Q.7  Locate the points representing the complex number z on the Argand plane:
@ lz+1-2il =47 ;) [z-1F+]z+1 =4 ; (¢) Z‘:‘ =3:(d) |z-3| = |z-6]
Z+

oo

If a & bare real numbers between 0 & 1 such that the points z, =a+1,z,=1+bi&z,=0 forman
equilateral triangle, then find the values of'a’and 'b".

OO O
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9  Forwhat real values of x & y are the numbers —3 + ix?y & x?+ y + 4i conjugate complex?
10 Find the modulus, argument and the principal argument of the complex numbers.
(i) 6 (cos 310° — i sin 310°) (ii) =2 (cos 30° +isin 30°) (i) 4.+2(—I|+.)

Q.1 If (x+iy)¥3=a+bi; provethat 4(a2—b?) = 2 + %
Q.12(a) If a+ib _ p+qi, provethat p?+qg?= a‘+b

' ¢t id ! =g

(b) Letz,, z,, z, be the complex numbers such that
Z,+2,+2;=2,2,+2,Z,+ 2,2, =0. Prove that Lzl [=1z,]=]z;].
z

Q.13 Letzbeacomplex number suchthatz € c\Rand ————— < R, thenprove that | z| =1.

—742
Q14 Provetheidentity, |1-2.7, £~ |z, -z, P= |2, i~ |z, )
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Q.15 For any two complex numbers, prove that |z, + z,|" + |z~ z,]" = 2 [|21|2+ |22|2]. Also give the
geometrical interpretation of this identity.

- Q.16 (a) Find all non—zero complex numbers Z satisfying z =iZ2.

(b) Ifthe complex numbers z,, z,, ................. z lieonthe unit circle |z| = 1 then show that
|z, +Z,+ e, 12 =z, rh ................ +z,7Y .

Q.17 Find the Cartesian equation of the locus of '’ in the complex plane satisfying, |z—4|+|z +4|=

If » is an imaginary cube root of unlty then prove that :

(8 l+o-w)P-(1-o+w?)®=0 (b) (1 - (o+(02)5+(1+(o o?)° =32

(c) If wisthe cube root of unity, Find the value of, (1+ 50?+ ©*) (1+ 50* + 0?) (50° + o+ ©?).

If o is a cube root of unity, prove that ; (i) (1+o0- 0?2 - (1 -0+ o?)?

(ii) a+b"°—+°"° = @? (i) (1-0)1-c?) (L-oY (1-af)=9

c+a +b(o
If x= a+% —am+bo? ; z=aw?+ bo, show that

(i) xyz=ad+ b3 (i) x%+y?+z2=6ab (iii) x3+y3+22=3(a% + bd)

[N
oo

[N
©

1 1+i+w? w

Q.21 If(w=1)isacuberoot of unity then [1—i -1 w?-1| =
- —-i+w-1 -1
(A)0 (B)1 @i (D) w
Q.22(a) (1 +w)’ = A+ Bw where w is the imaginary cube root of a unity and A, B € R, find the ordered pair
(A, B).
(b) The value of the expression ;
1L.2-w)(2-w?)+2.(3-w) (3-W3) +.cceenen, +(n-1).(n—w) (n—w?), where wis an

imaginary cube root-of unity is
2Q.23 If neN, provethat (1 +i)+(L—i)n= 22" cos%".
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2n
Q.24  Show that the sum Z (sin 2nk —icos anlj simplifies to a pure imaginary number.
k=1 2n+1 2N+

_8Q.25 If x=cosO+isin® & 1+ +1—a* =na, provethat1+acose—2—(1+nx)g1+—

8 Q.26 Thenumber t is real and not an integral multiple of /2. The complex number X, and x, are the roots of
the equation, tan?(t) - x2+tan(t)-x+1=0

Show that | (x,)" + (x,)" = 2(coszlj cot(t).

EXERCISE-1

Q.1  Simplify and express the result in the form of a +bi :
B \2
@-i@+6)@-Dt () {4'.3 "] ©
21+1
\2
@ @) (22".) © Vi +vi
+1i

Q.2 Find the modulus ,argument and the principal argument of the complex numbers.

3+2i N 3-2i
2-51 2+5i

FREE Download Study Package from we

()z=1 +cos(1g ) + |sm(1gn) (ii) (tanl-i)?
_ J5+12i +/5-12i : i-1
() 2= V5 +12i —+/5-12i ™) i(l—coszgjmmzs"
Q.3 Given that x,y € R, solve: _
() (x+2y)+i(2x~3y) =5 4i (b) y__5+0
(c) xe—y2—i(2x+y)=2i ()(12 |)x§ %é %y 2X — 3y + 5i

(e) 4x2+ 3xy + (2xy — 3x?)i = 4y? — (x?/2) + (3xy — 2y?)i
Q.4(a) LetZiscomplex satisfying the equation, z?—(3+i)z+m+2i=0, wherem R.
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Suppose the equation has a real root, then find the value ofm,
(b) a, b, c are real numbers in the polynomlal P(Z)=2Z2%+aZ3+0bZ>+cZ+3
If two roots of the equation P(Z) =0 are 2 and i, then find the value of 'a'.
Q 5(a) Find the real values of x &y for which z, = 9y —-4-10ix and
z,=8y?—20i are conjugate complex of each other.

(b) Find the value of x*—x3+x2+3x—-5 if x=2+3i

2-(3- 2|)z—(5| 5) (b) |z|+z=2+i
(a) Ifiz3+72- Z+|—Othenshowthat|Z|—

Oo

(b) Let z, and z, be two complex numbers such that =land |z # 1, find|z]|

—Z24Z,

Z—7
(c) Letz,=10+6i &z,=4+6i. If z isany complex number such that the argument of,
Z —
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Lis T, then

> 4
provethat |z-7-9i|=3/2.

Q.8  Show that the product,

1+i iV (1) i)Y 1
1+(7] 1+(7] 1+(7] ..... 1+(7] is equal to [1_2?j (1+1) where n>2.

Let a &b be complex numbers (which may be real) and Iet
Z=73+(a+b+3i)z2+(ab+3ia+2ib-2)z+2abi-

()] Show that Z isdivisible by, z+b+1i. (ii) Flnd aII complex numbers z for which Z=0.
(D] Find all purelyimaginary numbers a & b-when z=1+1i and Z isareal number.

©
©

Q.10 Interpret the following locii in z € C.
Z+21
@ 1<|z-2i|<3 () Re |z+2]<4 (2% 2i)
() Arg (z +1) —Arg (z—i)y=n/2 (d) Arg (z—-a) = n/3 where a=3 +4i.

Prove that the complex numbers z,.and z, and the origin form an isosceles triangle with vertical angle
2n/3.4if 22+ 25 + 2, 2,=0.
P is a point on the Aragand diagram. On the circle with OP as diameter two points Q & R are takensuch

that £ POQ = ~QOR =6. If ‘O’Isthe origin &P, Q & R are-represented by the complex numbers
Z,,Z,& Z, respectively, show that : Z,2cos20="2, . Z, cos?b.

Letz,,z,, z, are three pair wise distinct complex numbers andt,, t,, t; are non-negative real numbers ;=
such that t1 +t +1, = 1. Prove that the complex number z =t zl+t z2 +1,7, lies inside a triangle with
vertices z,, Z, Y or on.its boundry.

If aCiS oc b C% B, cCiSy represent three distinct collinear points in an Argand's plane, then prove
the foIIowmg

()] ¥ absin (a—B) =0.

@)  (@CiSa) b2 +c? -2bccos(B-y) * (B CISP) yfa? +c2 - 2accos(a— )
+ (¢ CiSY) /a2 +b? —2abcos(a—p) =0

Find all real values of the parameter a for which the equation
(a—1)z*-4z2+a+2=0 hasonly pure imaginary roots.

© O
[EEY [EEY
N} =

[N
w
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LetA=z, ;B=z,; C=z, are three complex numbers denoting the vertices of an acute angled triangle.
If the or|g|n ‘O’ |s the orﬁwcentre of the triangle, then prove that

2,2, %2,2,=2,7, + 7,23=237, + 7,2,
hence show that the AABC is aright angled triangle <>z, 7, + 7,2,=2,7, + 7,2,=2;7, + 7,2, =0

Q.17 If the complex number P(w) lies on the standard unit C|rcle |n an Argands plane and
z = (aw+ b)(w - c¢)™* then, find the locus of z and interpret it. Given a, b, c are real.

Q.18(a) Without expanding the determinant at any stage , find Ke R suchthat

4j 8+i 4+3i

-8+i  16i I | haspurely imaginary value.
—4+Ki i 8i parely imaginary

(b) IfA, Band C are the angles of a triangle
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e—2|A eiC e|B

c _| ¢iC 2B A L :

S D e A o where i = \/_1 then find the value of D.

o

D0Q.19 If w is an imaginary cube root of unity then prove that :

8 @  (L-w+wd) (L-w2+wh) (1-w+w8).....to 2n factors = 22",

S (b) If w is a complex cube root of unity, find the value of

U; (1+w)(1+w?) (1+wh (1+wd).... to n factors . ©
™

%J) Q.20 Prove that (HS!n O+l : cosej =cos (—— nej +isin (—— nej Hence deduce that °

< 1+sin®—icosO 2 2 5

G 5 5 >

= 1+sin£+icos£] +il1+sinT—icos™| =0 <

5} 5} 5 5

Q.21 If cos(a— )+ cos(B—1y)+cos(y—o)=—3/2 then prove that :

(@) = cos2a.=0=23sin2a (b) Tsin(a+B)=0=Zcos(a+P) (c) Tsina =2 cos?o=3/2
(d)ZSIn3or 3SIngor+B+y) (e) 2cos3a=3cos(a+p+y)

(f) cos (0+a) +cos® (0+B)+cosd (0+y) =3cos(0+a).cos(0+P).cos(0+y) where 0 eR.

S Q.22 Resolve Z°+ 1 into linear & quadratic factors with real coefficients. Deduce that : 4- srnE cos% =1

s.com &

Q.23 If x=1+iy3 ; y=1-iy3 & z=2,then provethat x°+y°=2zP for every prime p > 3.

cp Q.24 If the expression z° —32 can be factorised into linear and quadratic factors over real coefficients as
(z2°-32) = (z-2)(z>-pz + 4)(z2? — qz + 4) then find the value of (p? + 2p).

Ct; Q.25(a) Let z=x+iybe acomplex number, where x and y arereal numbers. Let Aand B be the sets defined by

A={z| |z|<2}and B={z|(1-1i)z+ (1 +1)Z >4}. Find the area of the region A B

903903 7779, 09893058881.

[HEN
=
—
=
@D
=
@D
@
.
(2]
—
=
@D
=
>
c
3
o
@D
=

1
(b) For all real numbers x, let the mapping f (x) = vt where-i-="/_1.
a, b, c and d forwhichf (a), f (b), f (c) and f (d) form a square on the complex plane. Find the area of @

L EXERCISE-2

Ifi{g r p/=0; where p,q,r arethe moduliof non—zero complex numbers u, v, wrespectively,
rpgq

O
[EY

2
W —
prove that;-arg — =arg (W u) :
\ v—u

The equationx®=9 + 46i where i = ,/_1 hasasolution of the forma + bi where a and b are integers.

Find the value of (a3 + b?).
Show that the locus formed by z in the equation z3 + iz = 1 never crosses the co-ordinate axes in the

N

O O
w

—1Im(2)
2Re(z)Im(z) +1

If is the fifth root of 2 and x = » + w?, prove that x° = 10x2 + 10x + 6.
Prove that, with regard to the quadratlc equation z2+ (p+ip)z+q+iq =0
wherep, p’,q,q" are all real.
(i) if the equation has one real root thenq'2—pp'q’ +qp'? =
(i if the equation has two equal roots then p?—p'?2 =4q & pp’ = 2q
State whether these equal roots are real or complex.
If the equatron (z+1)"+2z"=0hasroots zl, Z,, ... Z;, find the value of

(@) ZRe(Z) and  (b) ZIm(Z)

Find the roots ofthe equation Z"=(Z + 1)n and show that the points which represent them are collinear
on the complex plane. Hence show that these roots are also the roots of the equation

(Zsm—j Z2 + [Zsmm—] Z+1=0.
n n
Dividing f(z) by z—1i, we get the remainder i and dividing it by z + i, we get the remainder

Argand’s plane. Further show that |z| = \/

OO
SN

©
o
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1+i. Find the remainder upon the division of f(z) by z2+ 1.
Q.9  Let z, &z, beanytwo arbitrary complex numbers then prove that :

1 z z
12,+2,] > =(|z,|+|z, )| =2 +—=2-|.
1 2 2 1 2 |le |ZZ|
Q10 IfZ,r=1,23,..... 2m, me N are the roots of the equation
2m
Z2m 4 z2ml 4 zem2 4 +Z+1=0thenprovethat > > =-m 0
Qll If(A+x)"=C,+Cx+Cx2+...+C Xx"(neN), prove that: 5
—i
(8) Cy+C,+Cy+.... = l{zn-uzm cos } (b) C, +C+Cy + ... = ﬂz 2" sin } 3
©
o
(€) Co+Ca+Copt .. = %{2”‘1 — 2" cos n} (d) C3+C,+Cyy + ... = %{2"'1 2" sin n}
_ 1., nn
(€) Co+Cy+ Cy+Cqyt oo _5{2 +20057}

[N
N

Let z,,2,,2,4,2, be the vertices A, B, C, D respectively of a square on the Argand diagram

taken in anticloc‘kwise direction then prove that :

(i)2z,=(1+i)z, + (1-i)z, & (i) 2z,= (1-i)z, + (1 +i) z,

1+ ixjn _l+ia
T 1-ia

[EY
w

a € R are real and distinct.

Show that all the roots of the equation (

1-ix

O O
[EEN
N

Prove that:

n+2
(@) cosx+"C,cos2x +"C, cos 3x + ..... +”Cncos(n+1)x:2”.cos”§.cos( er Jx

(b) sinX+"C, sin2x +C, sin 3x + ..... +”Cn3i”(”+1)x=2”.cos“g.sin (ngrsz

2n
(c)cos(2“J+cos(4“)+cos(6“j+ ..... +cos[ RJ:_EWhenneN.
2n+1 2n+1 2n+1 2

Show that all roots of the equation _agz"+ a,;z"~1+ ... +a ;z+a =n,

[N
(6]

n-1
where|a;|<1,i=0,1,2,...., nlieoutsidethe circle with centre at the eriginand radius P

The points A, B, C depict the.complex numbers z, , z,, z; respectively on a complex plane & the angle
B & C of the triangle ABC are each equal to %(n —a) . Show that

[N
(o]

(z,- 252 =4 (z,~2,) (2, 2,) sin? 5.

2
A} A} A’
Q.17 Show that the equation » 1a *2 2a F o to ”a =k hasno imaginary root, given that:
% a2 — 9n
a,,8,,85....8, & A}, A, A;..... A, kare all real numbers.
- a b c .
Q.18 Leta, b, c bedistinct complex numbers such that 1-b - 1-¢c 1-a =k. Find the value of k.

Q.19 Let a, P be fixed complex numbers and z is a variable complex number such that,
z—aof +]z-p[ =k
Find out the limits for 'k’ such that the locus of z isa circle. Find also the centre and radius of the circle.

C is the complex number. f: C — R isdefined by f (z) =| 22—z + 2|. What is the maximum value of fon
the unitcircle|z|=1?

O
N
o
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Let f(x)=log__, (c0s2ix)if x=0andf(0) =K (where i=+/~1)iscontinuousatx=0then find
the value of K. Use of L Hospital’s rule or series expansion not allowed.

-
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Ifz, , z, are the roots of the equation az® + bz + ¢ = 0, witha, b, ¢ > 0 ; 2b? > 4ac > b?;
z, € third quadrant ; z, e second quadrant in the argand's plane then, show that
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1/2
z, ) b
arg _ZZ =2c0s” Zac

Find the set of points on the argand plane for which the real part of the complex number
(1+1) 2% is positive where z=x+iy, X,y e R and i=,/-1.

O
)
w

Ifaand b are positive integer such that N = (a + ib)® — 107i is a positive integer. Find N.

If the biquadratic x*+ax®+bx?+cx+d=0 (a, b, ¢, d € R) has 4 non real roots, two with sum
3 +4iand the other two with product 13 + i. Find the value of 'b".

EXERCISE-3

32 10 qr 2 P '
Evaluate: Z Bp+2)| D] (smf —icos 11 ] . [REE '97, 6]
gq=1

Let z, and z, be roots of the equation z2 + pz + q = 0, where the co—efficients p and g may be & o
complex numbers. Let Aand B represent z, and z, in the complex plane. If ~AOB=a #0and &

O O
NN
(S N
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(b) If arg(z) <0, then arg(—z)— arg(z) =
(A) = (8) - = © -+ (R
[ JEE 2000 (Screening) 1 + 1 out 0of 35 ]

(@)
OA = OB, where O is the origin . Prove that p? =4 cos? (%) : [JEE 97, 5] Oﬁ
n-t 2kmn n ] ) E
(b) Prove that Z (n—k) cos ==3 where n >3 is aninteger . [JEE'97,5] ~
(2]
Q.3(a) Ifwisan |mag|narycube root ofunlty, then (1 + o — w?)’ equals &
(A) 128w (B) ~ 1280 (C) 128a? (D) —1280? §
(b) The value of thesum Z(I +|”*1) ,_Where i=/_1 , equals e
(A i "B)i~1 ©) —i (D)0  [JEE'98, 2+2]§
Q-4 Find allthe roots of the equation (3z—1)* +(z —2)*= 0 in the simplified form ofa + ib. o
[REE'98,6] ©
334 365 o
1 i3 1 i3] @
Q.5() If i= -1, then 445 [—— + —] +3 [_E + TJ is equal to : =
(A) 1-i3 (B) =1+iy3 (©) iv3 (D) i3 ¥
(b) For complex-numbers z & o, prove that, |z|2 ®- |0 z=z-o ifand onlyf, a4
Z=o or zp =1 [JEE 99, 2 + 10 (out of 200)] 2
2ni ©
Q6 Ifa=e’ and f(x)=A,+ 5 A, X<, then find the value of, £
f(x) + flax) +...... +f?oc X) independent of o. [REE 99, 6] z
(@]
1 1
Q.7(a) If z,,2,, z; are complex numbers such that \zl\ = \22\ = \23\ = {%+Z+Z} =1, then%
|z, + Z,+ 23\ iS: o
(Aﬁ equal tol (B) lessthan1l (C) greater than 3 (D) equalto 3 <
©
>
2
7)
K
O
2
A

27 27

Q.8 Given, z=cos +isin TUTE 'n' a positive integer, find the equation whose roots are,

o=z+2%+.. +z220-1 & B =z2+74+ ... +272

[ REE 2000 (Mains) 3 outof100]
Z,— 24 1- i\/g . . L

Q.9(a) The complex numbersz,, z, and z, satlsfymg "2, =, are the vertices of atriangle which is

(A) ofarea zero (B) rlght angled isosceles

(C) equilateral (D) obtuse —angled isosceles
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(b) Letz, and z, be nth roots of unity which subtend a right angle at the origin. Then n must be of the form
(A) o) (B) 4k + 2 (C) 4k + 3 (D) 4k

[JEE 2001 (Scr) 1+ 1outof35]
5Q.10 Find all those roots of the equation z1? — 56z° — 512 = 0 whose imaginary part is positive.
[ REE 2000, 3 out 0f100]

1 1 1

Q.11(a) Let o = —% + i%. Thenthe value of the determinant 1 —1-o° o®|is 3
1 o o :?:
(A) 3w (B) 3w (0—1) (C) 30? (D) 30(1 — w) %
(b) For all complex numbers z,, z, satisfying |z,| = 12 and |z, — 3 - 4i| = 5, the minimum value of g
A) 72" (B)2 )7 (D) 17
[JEE 2002 (Scr) 3+3]

(c) Letacomplexnumbera,a # 1, be aroot of the equation
ZP*4—-zP-7z9+1=0 wherep, qare distinct primes.
Show that either 1+ .+ a2 +.....+oP1=0or 1+a+02+.....+ a®1t=0, but not both together.
[JEE 2002, (5)]
Q.12(a) If z, and z, are two complex numbers suchthat |z, |<1<|z,| then prove that 1722
21 =12

<1.

1 n
(b) Prove that there exists no complex number zsuch that |z | < 3 and Za, 2" =1wherefa,|<2.

r=1
[JEE-03, 2 + 2 out of 60]
Q.13(a) w is an imaginary-cube root of unity. If (1 + ®)™ = (1 + ®*)™, then least positive mtegral value ofmis
A) 6 B)5 C)4

D)3
[JEE 2004 (Scr)]
(b). Find centre and radius of the circle determined by all complex numbers z = x+ iy satisfying % =k,
Z —
where o = a; +ia,, B =P, +ip, are fixed'complexand k= 1. [JEE2004, 2 out 0f 60 ]
p(\2-1,¥2)

Q.14(a) The locus ofz which'lies in shaded region is best represented by
(A)z:|z +1]>2,|arg(z+ 1)| < /4

(B)z:|z -1]>2,jarg(z—1)| < n/4 (-1,0) (1,0)
(C)z:|z +1<2,larg(z + 1)| < w/2 -
(D)z:|z -1 <2, farg(z - 1)| < m/2 Q(2-1,-V2)

(b) Ifa, b, care integers not all equal and w is a cube root of unity (w= 1), then the minimum value of
|a+bw + cw?| is
V3 1
(A0 (8)1 © ©);
[JEE 2005 (Scr), 3 + 3]

(c) Ifone of the vertices of the square circumscribing the circle |z— 1| = /2 is 2+ \/3i. Find the other
vertices of square. [JEE 2005 (Mains), 4]
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z
is purely real, then the set of
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© Q.15 Ifw=a +ip where 3 #0and z# 1, satisfies the condition that Wl
% valuesofzis o
o A){z:|z|=1} B){z:z=7) O {z:z=1} D){z:|z|=1,z#1}
O [JEE 20086, 3]
LLl ANSWER KEY
H:J VERY ELEMENTARY EXERCISE
Ll 7% E_E 22
Q1 (a) 25 e i; (b) i; () 3+4i; (d) —_9 +0i; (e) |

Q2 (aA)x=1,y=2: (b)(2 9); (c)(~2,2)or (—3 ——j d)(1,1) (o —j (e)x:K,y:%,KeR
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Q.19
Q.21

(@) = (5+4i); (b) +(5-6i) (c) £5(1+1i) Q4 (a)-160 ;(b) — (77 +108i)
—§+§i Q6 (@ -i,-2i () 7 or - T2

(a) onacircle of radius \J7 with centre (-1, 2); (b) onaunit circle with centre at ongm
(c) onacircle with centre (—15/4, 0) & radius 9/4 ; (d) astraight line

a=h=2-43; Q9 x=1,y=-4or x=-1, y=-4

(i) Modulus=6, Arg=2kn +5—7T (K el), Principal Arg = i—g (Kel)
(if) Modulus=2, Arg=2kn +— , Principal Arg = —?
(iii) Modulus = ‘/_ , Arg=2kn —tant2 (K € 1), Principal Arg=—tan'2
V3 i ﬁ i x* ¥
A L 17 —+-—=1; Q.18 64 ; 21 A
@ 2 2 2 2 ! Q 64 48 Q © Q

_ n(n+1) ? ~
@ (@1); ®) | ——| -n

EXERCISE-1

12

1(a) ——?i (b) 3+4i (c) _% +0i (d) %i (€) ++2+0i or 0++/2i

4 4 4
2 (i) PrmmpalArgz:—?n; 12| =2 cos—= : Argz:Zkrc——7r k el
(ii) Modulus =sec?1, Arg=2nn + (2 - n) Principal Arg=(2- =«

(iii) Principal value of Agrz=— =& |z}.= 2  Principal value of Argz = = & 1z| = 3
1 1lx 117t

iv) Modults = ——cosec , Argz = 2nmt + =, Principal Arg =« —

) J2 o ' 8 20 P =20

*-’Q3(a)x 1,y=2; (b)x=1&y=2;(c) (-2, 2)or(—Z ——j (d)(@,) (0 —j (e)x= Ky——KeR

(@) 2, (b) - 14/2 Q5. (a) [(£2,2):4=2,-2)] (b) ~(77 +108)

(@) z=(2+i) or (1-3i); (byz= 3+44i
(b) 2
@ 2==Ce)i -2t -a (i) (7o) where rer - |5)

(a) Theregion between the co encentric circles with centre at (0, 2) & radii1 & 3 units

1 1
(b) regionoutside or on the circle with centre > + 2iand radius >

(c) semi circle (inthe 1st & 4th quadrant) x2+y2=1 (d) arayemanating from the point
(3 +4i) directed away from the origin & having equation 3x -y + 4 - 3J3 =0

[-3,-2] Q17 (1-cd|z]P-2(a+hc)(Rez)+a2-h?=0
@K=3,(b)-4 Q.19 (b) oneifniseven; —w? ifnisodd
(Z+1)(Z22—2Zcos36° + 1) (Z2—2Z cos 108° + 1) Q.24 4

@ -2 :(b)1/2

EXERCISE-2

3B Q6 (a)—%,(b)zero 08 2.l Qi -eor-e

1
k > 5 o — [3|2 Q.20 |f(z)|is maximumwhen z = w, where wis the cube root unityand | f (z) | = \13
4

K=-— —
9
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Q.23 required set is constituted by the angles without their boundaries, whose sides are the straight lines

c y=(/2-1) xandy +(4/2 +1) x =0 containing the x — axis
8 Q.24 198 Q.25 51
o)
g EXERCISE-3
-
D .1 4811-i) Q3@ D (b)B @
o (29+20v/2) +i(£15+25v2)  (29-204/2) +i(+15-25+/2) 5
Q4 Z= : Q.5(a) C 0
= 82 82 S
cU -2 [@)]
= 7 14 2 sin“n® _ h _ 27 g
§.Q.6 TA+TAX +TA,X" Q7@ A (b)A Q8 z2+z+ sin’ =0, where 6 = T
+/3+i i o‘_oi
Q.9(a)C,(b)D Q.10 +1+i4/3, g J2i Qll (@B ; (b) B @
= kZB—(X . 1 20 12 2 2 2\(,, 2 S
SQ13 (@) D ; (b)Centre= — ;- Radius= @ Jla—k2BE —K2|BP -] a P Jk?-1) 2
. - - o
0 .
0 Q.14 (a) A (b) B, (c) 2=~ 3i: 7= A-—3)+i: 2,= (1+43)-i Q.15 D o
0 ~
cs N~
— (2]
S EXERCISE-4 :
_aé) Part : (A) Only one-correct.option §
|_. 1 If |zl =1and o = i—: (where z # —1), the Re(w) is [IT =2003, 3] e
(O]
% S 2 | 1 2 S
()0 B 2P ©Olzed 1222 O 231p T
< 2. The locus of z which lies in shaded region (excluding the boundaries) is best represented by ‘_,_-,5_
= arg(z):+z 8
2] m
8 (—1+\/2,\/2) B arg(z)<z é
= AL C @
—1,0) @ P N2
S o oy [IIT - 2005, 3] v
g (-1++2,-v2) [P ] g
() arg(z) = -, ©
o) (A)z:|z+1]>2 and|arg (z + 1)| < n/4 (B)z:|z—-1]>2 and |arg (z—-1)| < n/4 2
_ECU (C)z:|lz+1]<2 and|arg (z + 1)| < n/2 (D)z:|z-1|<2 and |arg (z + 1)| < w/2 g
o W — Wz :
Df? 3. If w=a, +ip, where  # 0 and z = 1, satisfies the condition that ( 1_7 j is purely real, then the set of Qé)
> values of zis ~ [IIT = 20086, (3, —1)] L—;
e A){z:|z] =1} B){z:z= 2z} C){z:z#1} D){z:|z| =1, z=#1} D
E 4, If (ﬁ + i) = 2% (a + ib), then b is equal to N
<
N (A) V3 (B) \/2 (€)1 (D) none of these e
O . =
© z-8i -
Os. If Re( - 6} =0, then z lies on the curve 3
()]
% (A)x?+y2+6x—-8y=0(B)4x-3y+24=0 (C)4ab (D) none of these C_‘@
O 6. If n,, n, are positive integers then : (L+0)™ + (1+i°)™ + (1-*)™ + (1-i")" isa real number if and only if Q
a (A)n,=n,+1 (B)n +1=n, X
L (C)n =n, (D) n., n, are any two positive integers ﬁ
w7 The thre€ vertices of a triangle are represented by the complex numbers, 0, z, and z,. If the triangle is
o equilateral, then
LL (A)z?-z27=22, B)zr-z2=2 2, C)zp+zr=22, D)z2+z2+22,=0
5 1 2
8. If x2—x + 1 =0 then the value of z [Xn +X—nj is
(A)8 (B) 10 " ©) 12 (D) none of these
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If o.is nonreal and o = ¥/1 then the value of oll+a+a®+a™-a™ is equal to
(A) 4 (B) 2 ©)1 (D) none of these

X
If z=x + iy and z13 = a—ibtheng—%Z k(az—bz) where k =

(A1 (B) 2 ©3 (D)4
. 6 ] 6 . 5 . 5
{_1+|\/§} +{_1_|\/§} +{_1+|\/§} +{_1_|\/§} is equal to :
2 2 2 2
(A) 1 B)-1 (©)2 (D) none

Expressed in the form r (cos 0 +isin0), —2 + 2i becomes :

NVMEREE I EE R
sl )l 2] o afa{5)ml ]

The number of solutions of the equationinz,zZ -(3+i)z-(3-i)Z -6=0is:
(A) 0 (B) 1 (C) 2 (D) infinite
If |z]| = max {|z—1], |z + 1|} then

_ 1 _ _
A z+ z|= By B)z+z=1 O lz+ z|=1 (D) none of these

If P, P’ represent the complex number z, and its additive inverse respectively then the complex equation of

the crrcle with PP’ as a diameter is

z
(A) 2_1 = (?1} (B)zz +7,2,=0 (C)zzZ;+ zz,=0 (D) none of these

The points z, =3 + V3 iand z,=2 J3 +6iare given on'a complex plane. The complex number lying

on the bisector of the:angle formed by the vectors z, and z,is™

(A)z:(3+§“/§)+‘/§2+2i (B)z =5 +5i
(C)z=-1-i (D) none
. n .
_ itan rtann A

The expression L _ta il s _ta o when simplified reducesto :

l1-itana 1-itanna
(A) zero (B) 2sinna (C)2cosna (D).none
All roots of the equation, (1.+ z)6 + z6=10:
(A) lie on a unit circle with centre at the origin (B)lie on a unit circle with centre at (- 1, 0)
(©) lie on'the vertices of a regular polygon with centre at the origin (D) are collinear

Points z, & z, are adjacent vertices of a regular octagon. The vertex z, adjacent to z, (z; # z,) is

represented by

(A) ZZ+E(1ii) (z,+2) (B) zz+%(1ii)(zl—zz)
(©) zg% (1xi)(z,-zy) (D) none of these

If z = x + iy then the equation of a straight line Ax + By + C = 0 where A, B, C € R, can be written on

the complex planeinthe formaz + aZ + 2C =0 where 'a'isequal to :

(A+iB) A-iB _
(A) —— (B) (CO)A+iB (D) none

The points of intersection of the two curves |z-3| =2and |z| =2inan argand plane are:

1 . 1 . 3 7 7 3

- - + — o= — F

(A)2 (7J_r|\/3) (B)2 (3_|\/7) (C)2 ir,/z (D)2 ir,/z
he equation of tfwe radical TXiS of the two circles represented by the equations,

z-2|=3and |[z-2-3i| =4 onthe complex plane is:
(A)3iz—3i2—2—0 (B) 3iz-3iz+2=0 (C)iz—-iz+1=0 (D) 2iz-2iz+3=0

If H eiP9 = 1 where IT denotes the continued product, then the most general value of 0 is :
p=1

A) 2nm (B) 2nm © anr D) anr

r(r-1) r(r+l) r(r-1) r(r+l)
The set of values of a € R for which x? + i(a—1) x + 5= 0 will have a pair of conjugate imaginary roots is
(AR (B) {1} (C) |aja®*—2a+21 >0} (D)none of these
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25. If|z,-1<1,]z,-2|<2,|z,—-3|<3then|z, +z,+ Z|
(A) is less than 3 (B) 1s more than 3
(C) is less than 12 (D) lies between 6 and 12
26. Ifz,, 2, 24 ... , Z, lie on the circle |z| = 2, then the value of
E=lz,+z,+ ... +z,|-4 z, oz, 2| 'S
(A)O (B)n (C)—n (D) none of these

Part : (B) May have more than one options correct

27. If z, lieson |z| = 1 and z, lies on |z| = 2, then
(A)3<|z,-22,|<5 (B)1<|z,+2,|<3
(C) |z, - 32,/ > 5 _ (D) |z, - 2,/ >1

28. Ifz,z, z,, z, are root of the equation az*+zz*+zz*+zz+2,=0, wherea, a, a,, a,and a, are real,
then
A) z,, Z,, Z3, Z, are also roots of the equation (B) z, is equal to at least one of z,, z,, Z;, Z,
© -2,,— 2,,— 23, Z, are also roots of the equation (D) none of these

29. If a3+ b%+ 6 abc = 8¢ & w is a cube root of unity then :
(A)a,c, bareinA.P. (B) a, c, b arein H.P.
(C)a+bw-2cn?=0 (D) a+bo?-2con=0

30. The points z,, z,, z, on the complex plane are the vertices of an equilateral triangle if and only if :
(A) X (221— 25} (z,-25)=0 (B) 2,2+ 2,2+ 2,2=2(2,2,+ 2,25+ 23 Z,)
(C) 22+ 2,2+ 2,2=2,2,+ 2,2,+ 2,2, (D) 2(z,2+ 2,2+ 22)=2,2,+ 2,23+ 2,27,

w
=

If|z, +z|=|z,—z,]| then

(A) lamp z, —amp z,| = T

Py (B) |lampz, —amp,|==

z z
© i is purely real (D) i is purely imaginary

EXERCISE-5

Giventhat x, y € R, solve s 4x2 +3xy + (2xy — 3x2)i = 4y2 — (x2/2) + (3xy — 2y?)i

A

If o & B are any two complex numbers, prove that :

‘a—w/az—ﬁz‘+‘a+w/a2—ﬁz =Jo +B| + o = |-

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com

3. If'a,, B are the numbers between 0 and 1, such that the points z, = a.+4i;Z, =1+ fi and z, = 0 form an
equilateral triangle, then find ‘o and .
4, ABCD is arhombus. Its diagonals AC and BD.intersect at the point M and satisfy BD = 2AC. If the points D
and M represent the complex humbers:L.+iand 2 - i respectively, then find the complex number corresponding
to A.
5. Show that the sum of the pt" powers of n'" roots of unity :
(@) is zero, when p is not a multiple of n.  (b) is equal to n, when p is a multiple of n.
6. If(L+X)"=pg+pX+p,x2+pgx3+....... , then prove that :
n ..n
@ Po— Pyt Py —eeee. = 2"2 cos Tn (b) Py — Pyt Pg—eeennn = on2 gjp
1 1 9] n 0
= — cosecC — i|——-—
7 Prove that, Ioge[ X 9] Ioge(2 o) *i 5 5
_II ....... 0
8 If1 = A +i B, principal values only being considered, prove that
1 B
(@ tan— mA= — (b) A2+B2=¢g 7B
2 A
. 1 . rm
9. Prove that the roots of the equation, (x - 1)" = x" areE (1 + 1 cot Tj , Where
r=0,1,2,....... (n—=1)&n e N.
10. If cos (o — B) + cos (B —y) + cos (y — &) = — 3/2 then prove that :
(a) 2 cos 20.= 0 = X sin 20 (b) 2 sin (o + B)=0=2cos (o + P)
(c) 2 sin3a=3sin(a+p +7) (d) 2cos3a=3cos(a+P+7)

(e) 2 sin2a = X cos2 a = 3/2
() cos® (0 + o) + cos® (0 + B) + cos® (B +7) =3 cos (0 + a). cos (0 + ). cos (0 + )
where 0 € R.
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If a, [3 y are roots of x3—3x2+3x + 7 =0 (and wis imaginary cube root of unity), then find the value

A et
+ .
B 1 y—l a-1

. . -2 .
Given that, |z — 1| = 1, where 'z is a point on the argand plane. Show that =i tan (arg z).

P is a point on the Argand diagram. On the circle with OP as diameter two points Q & R are taken such
that £ POQ = ZQOR = 0. If ‘O’ is the origin & P, Q & R are represented by the complex numbers
Z, Z,& Z,respectively, showthat: Z,2 cos 20 =27, Z, cos?0.

Fmd an expressmn for tan 70 in terms of tan 6 using complex numbers. By considering
tan 70 = 0, show that x = tan? (3 7/7) satisfies the cubic equation x3—21x2 + 35x — 7 = 0.

FL+x)"=Cy+Cx+C,x2+....+C x"(n € N), prove that: C,+C;+C,,+..... :% {2"‘1 -2 cos%}

2n
Prove that:cos( 2m J +cos( An j +cos( 6m j +..... +cos( n} =_1 Whenn € N.
2n+1 2n+1 2n+1 2n+1 2
Show that all the roots of the equation a,z* + a,z*+ a,z + a,= 3, where [a| < 1,i=1, 2, 3, 4 lie outside the

circle with centre origin and radius 2/3.
n-1

2k n
Prove that Z(n k) cos == =— o where n > 3 is an integer
- A 2 A 2 A 2
Show that the equation —=— + —2— + ...... + —"— =k has no imaginary root, given that :
X—a, X-a, X—a,

a; &, az...a,&A; A, A,.... A kare all real numbers.

Let zl, zz, z be three tistinct complex numbers satisfying, Yoz,-1%=Y2,-1% = Y22,-1%. LetA,B& C
be the pomts represented in the Argand plane correspondingto z,, z, ancfz3 resp. Prove thatz, +z, +
z, = 3if and only if D ABCis an equilateral triangle.

Let a, B be fixed complex numbers and z is a variable complex number such that,
2
2 +[z—pf =k

Find out the limits for 'k' such that-the locus of z is a circle. Find also the centre and radius of the
circle.

If1, 0, Oy, O, , o, _, are the n, n" roots of unity, then prove that
(1-a)(@d—ay) (1—0ay)........ @T=-a, ) =n
2 3 o (n-1 n
Hence prove that sm— sm—Tc sin— ¥ 4 smﬂ =Tn-1
n N n n 2

Find the real-values of the parametera’ for which at least one complex number
z = X + iy satisfies both the equality ‘ z—ai ‘ =a+ 4 and the inequality |z —2 ‘ <1

Prove that, with regard to the quadratic equation z2+ (p +ip') z+ g +iq’ = 0; where p, p’, g, g’ are all

real.

(@) if the equation has one real rootthenq’2—pp’'q’' +qp'2=0

(b) if the equation has two equal roots then p2—p'2=4q &pp' = 2q’.
State whether these equal roots are real or complex.

The points A, B, C depict the complex numbers z, z, z, respectively on a complex plane & the angle

1
B & C of the triangle ABC are each equal toE (r — o) . Show that

(2,232 =4 (23— 2,) (z,— Z,) sinZ%.

If z,, z, & z; are the affixes of three points A, B & C respectively and satisfy the condition
|z, —2,| =z, | +|z,]and [(2-1i) z, +izg | = |z,| + |(1— i) z, + iz, then prove that A ABC in a right angled.

If1, oy, oy, 03, O, be the roots of x> — 1 = 0, then prove that

O—0q ®—0o 0—0o3 W—0g - ®

2
032—0(1 0)2—(12 0)2—0L3 O —0y

If one the vertices of the square circumscribing the circle [z—1|= /2 is2+ /3 i. Find the other vertices of
the square. [IT —2005, 4]
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